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Abstract

In the present paper we consider a two homogeneous servers Markovian queueing system with
environmental and catastrophic effects. Time dependent solution is obtained by using probability
generating function technique and further the steady state probabilities of system size are also
derived. Some measure of effectiveness and particular cases of the model have also been derived and
discussed.
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1. Introduction

The simple Markovian birth and death queueing models have been the object of
systematic investigation for a long time. In recent years the attention has been focused on
the effect of catastrophes. When a catastrophes occurs, all present customers are flushed
out and lost and the servers are ready for servie when new arrival occurs. There is a
considerable litrature on queues with catastrophes ( see e.g. [2,3,4,6,7,8]). The
catastrophized processes with environmental effects may be suitable to apporoach in
Biological sciences ( see e. g. [1,5]). We found that the change in the environment affects
the state of the queueing system. In other words, the state of the queueing system is a
function of environmental change factors. The direct application of the model can be
described to a biological phenomenon that there are many creatures such as cochroaches,
ants etc whose movement is restricted when we put up a sepray on them (catastrophes)
and also with the change of temperature(environment). As the temperature drops below a

critical temperature say 7, , the movement (production) of such like creatures becomes

* Corresponding author.
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almost zero . On the other hand , as the temperature goes higher than 7| the movement

becomes normal. In the current study we extend the analysis to deal simulteneously with
system that suffer random catastrophes with environmental effects and two identical
servers. It is not necessary that a queueing system will have only one servers. Practically
they may have more than one servers identical or non identical in their functioning. Here
in this paper we consider the case of two servers with identical rate in each of the
environmental state. The time dependent and steady state solution have been obtained by
using probability generating function techniques.Further some particular cases are also
derived and discussed.

2.  Assumptions and Definitions

. The customers arrive in the system one by one in accordance with a possion
process at a single service station. The arrival pattern is non-homogeneous,

i.e.there may exist two arrival rates, namely A, and O of which only one is
operative at any instant.

. Here we consider two servers and the service time distribution is exponentially
distributed. further, corresponding to arrival rate A, the possion service rate is 4,

for both the servers and the service rate corresponding to the arrival rate 0 is £,
for both the servers.

The state of the system when operating with arrival rate 4, and service rate £, is designated

as E whereas the other with arrival rate 0 and service rate £, is designated as F.

. The Possion rates at which the system moves from environmental states F to E and
E to F are denoted by « and [ respectively.

. The catastrophe occur according to a poisson process with rate ¢ . The effect of

each catastrophe is to make the queue instantly empty. Simultaneously, the system
becomes ready to accept the new customers.

. The queue discipline is first-come-first-served.
. The capacity of the system is limited to M i.e.,if at any instant there are M units
in the queue then the units arriving at that instant will not be permitted to join the

queue, it well be considered lost for the system.

Define,

P (t)=Joint probability that at time t the system is in state E and n units are in the

queue,including the one in service.
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Q,(t)=Joint probability that at time t the system is in state F and n units are in the

queue,including the one in service.

R (#)=The probability that at time t there are n units in the queue, including the one in

service.
R ()=P,®)+0,@) )

Let us reckon time ¢ from an instant when there are zero customers in the queue and the
system is in the environmental state E so that the initial conditions associated with P, (%)

and Q, (?) becomes,

1; n=0
P (0)=10; otherwise

0,(0)=0; Vn 2

3.  Equations Governing the System

LR =+ FHORO+ RO a0+ Y RO 1=0 ()

%pl(f) =~ + i+ B+ ORO+ 2P, (0 +aQ (0 + AR (=1 (4)
%Pn(t) = (4 +2u,+ B+ PO+ 24Py () + AP, () +a0,(H)  (5)
%PM t)=—(2u + B+ )P, () + AP, (t) + Q) (t);n=M (6)
%Qo(t) = ~(a+)0, (1) + 1,0,(1) + BB () + JHMZOQ,, (0:n=0 (7

%Ql(t):_(/uz +a+¢)0 () +21,0,() + BR(Y) ®)
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%Qn O =-Qu,+a+)Q, (1) +2u,0,., () + BP,(1);,0<n<M 9)

%QM (0) =@ty + &+ )0y (0)+ P, (0yin = M (10)

4. Transient Analysis
Let, the Laplace Transform of f'(¢) be
f(s)=[e™ f eyt (11)
0

Taking Laplace tranform of the equations (3)-(10) and using the initial conditions (2), we
get,

(s+4, +ﬂ+é’)[_’0(s)—1Zyll_’l(s)+a§0(s)+§i[_’n(s);n=0 (12)
(s+4 + 4+ B+ )R (s) = 24P, (5) +00, (s) + A By (5);n =1 (13)
(s+ 24 +2u + B+)P,(s) =2 P, (s)+ AP, () +a0,(s); (14)
(S+21ul+ﬂ+§)f_)M(S):ﬂ1f_)Mfl(S)+a§M(S) (15)
(s+a+¢)0)(5)= t0i(5)+ BR()+¢ D 0, (5) (16)
(s+a+u, +£)0(s) = 21,0,(s) + BB (s) (17)
(s +24, +a+$)0,(5) = 21,0,,.,(s) + B, (5); (18)
(s+24, +a+$)0,,(s) = By (); (19)

Define, The probability generating function by ,

P(z,5)= fﬁn (s)z" (20)
n=0
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0(z,5)= 2 0,(s)7" @1

R(z,s)= iﬁn ($)z" (22)
where

R(z,s)=P(z,5)+0(z,s) (23)
and

R,(s)=PF,(5)+0,(5) (24)

Multiplying equations (12)-(15) by z", Summing over the respective region of n and
using equations (20)-(22),we have

(s+ 44+ C+2) S Bs)=" — AT B (5)=" — By(s) + By(s)— B(s)

+PB(s)]- Az[f‘ﬁ,l )z +2z"P,(s)-z"P,(s)] - af@n (5)z"

n=1 n=0

_2/“1130(5') _ﬂ“lFM (S)ZM _1_4’213’! (s) _/'llZE(S)_lLllpl(S) =0

[(s+ A4+ B+ +2u)z— Az =2u4]P(z,5) — azQ(z,5) + 244, (1
—DB(5)=A(1= 2P ()2 ~2=2¢ Y P (s)+ 21

~2)B(s)=0 (25)

Similarly, from equations (16)-(19) on using equations (20)-(22),we have

(5420 + @+ ) Y0, ()" - H2[3.0,(5)-0,(5)+ B,(5) + O,(5)
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0= BYE ()" ~£3.0,(5)~21,0,(5) ~ 10, () ~ 1,20,(5) = 0

2u, —z(s +2u, +a+$)]0(z,8) + fzP(z,5) + é’zf@n (s)

24,0, (s)(1~2) ~ 241, (1~ 2)0,(5) = 0 (26)

From eq.(25)
P(2,5) = @20(2,5) - 244, (1- )P (5)+ A (1= 2B ()" + 24 2 B (o)

—wzR ()= 2)[2(s + 24 + 24+ B+ ) = Az’ =244

From eq.(26),

244,(1-2)0,($) = zP(2.5) = &3 0,()+ 2, (1-2),(5)

0(z,s) = 248, —z(s + 24, + o + )]

Putting the value of Q(z,s) in (25)

M

P(z,5) = 20z1,(1-2)0y () ~ gz’ D 0,(5) = 24, (1= 2) R (5)[2 44,

n=0

(s 241, + a4 O+ A1 2)By ()2 2ty — 25+ 20
s O+ 2 — 25+ 2 +a + O+ &S P (240,
—z(s+ 24, + a+ §)— i, (1- 2)zB (s)[2 44,

—z2(s+ 24, +a + )]+ 1, (1-2) 2200, (s)/[z(s + A, + 24,

+ B+ - Az =224, —2(s + 24, +a + ) + 2l a] (27)

Similarly, putting the value of P(z,s) in eq.(26), we get



Analysis of Two Queues in Parallel with Mixed Priority Service ... 7

O(z,5) = 244,(1=2) BB () + 2, (1= 2)[(s + 4y + B+ § +24)z

~ Az =2u10,(5) = PL(1=2) P, ()27 = 2

YR AT 2 (s A+ G

20213 0,(9)+ 2" (1= R()+ 2 (1= D) (s+ 4

+4+ §+2ﬂ1)2_ﬂqzz _2/11]51(5)/:80522 +[2p, —z(s
+ 2,0+ (s + 4+ B+E +2)z =2z =21] (28)
Now from equation(23), we have

R(z,8)=[az+ py (s + A + B+ ¢+ p)z— A4z = 1120, (1-2)0, ()
Y DA — 25+ A+t + B+C)+ 21—z + (1

—2) By ()2 [2(s+ 24, + @+ &) =241, + 281+ (1= 2) B, ()4, [ 2" 2 1,
—z(s+2u, +a +4>—ﬂzM”]+4sz (24, —z(s+2, +a +¢)
=Bl A2, —2(s + 2, +a+ )] - 2 + B(s)zu(1-2)[ 28— [2 4,
—z(s+2u, +a+§)]]+zy2(1—z)g(s)[za+z(s+2yl +A4+S5+0)
=24, — Az =277 +s[Az =27 (A +2u, + 2, +a+ f+20)
+zQu +2u,)]1- 22 (Bra+ ) +(1-2)[-2* A Quy + a + &)

+z[2000 + 240, + A+ B+ )] =414 ] (29)

The unknown quantities in equcation (29) are determined as follows:
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Setting z=1, in equations (27) and (28) respectively,we have

N5 ta+d)
P(1,5) ;Pn(s) Ssthra+tl) (30)

_3°0 ()= B
0(1,5)=20.6) = o

Further, relation (29) is a polynomial in z and exists for all values of z, including the three
zeros of the denominator. Hence F,(s), Q,(s), R, (s) are obtained by setting the

numerator equal to zero and substituting the three zeros a,, a,, a,(say) of the
denominator (at each of which the numerator must vanish).

The Laplace transform of various state probabilities for the number of units in the queue,

including the one in service can be picked up as the co-efficient of the different powers of
z in the expansion of equation(29).

5. Particular Case

Now letting o — 00, f — o0 and setting g, = 1, = 1 (say)in relation (29), we have
_ _ND 2 Mt ND _ Dy & 2
r(z,8) =2u(1-2)R)(s)=A4z" " (1-2)P,(s)+ z(1-2) uR,(s) ?/ﬂqz

—z(s+ A4 +2u+)+2u (32)
Ry(s)= By (s)+0y(s)

r(z,s)= }}m[lim R(z,5)]

—0 a—»

Relation (32) is a polynomial in z and exists for all values of z,including the two zeros of
the denominator.Hence R, and P,, can be obtained by setting the numerator equal to

zero. Substituting the two zeros a, and a, (say)of the denominator (at each of which the
numerator must vanish).Equating the denominating zero and we get Two roots a, and

a,.
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6. Steady State Results

lim f(¢) = lim S]? (s) [By final value theorem]

t—o s—0

Thus if
M pE—
R(z)= ZRnZ"
n=0
where
R, =limsR, (s)
Then
R(z)= lin(}SR(Z,S)

and

2& = ﬁ;PH +2Qn =1 (33)
By using this property, we have from equation (29)

R(z)=2u,(1-2)oz+ (A + B+ +2u)z—Az* =24,10, +[ Gl (o + 3

+ONPLAZ =20 + 24+ B+ &)~z + 2]+ (1= 2)2 4 R[22

ra+8) =2, + e+ (1= 2) 42" P, 20, — 2QRuy + a + &) — f2]

+ez(a+ONa+ f+2u, —2Quy +a+{) = fel+ mz(1-2)R[zp

—Quy +a+O)z]+ wyz(1-2)Q, [z + (A + 244, + f+ &)z =24,

— A2V A (@ + 20, + &) = 2 [ (a + 2, + &) + 20, + 24, (A + 244,

+ B+ )+ (a+ B+ O+ {2 +muy (4 + 24+ B+ )+ 4}

— 4] (34)
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or,we can write,

R(z)=T(2)Q,+N(z)F, + L(2)P,, + M(z)+ S(2)F + R(2)Q,/K(z) (35)

where T'(z),N(z)and L(z), S(z), R(z) are the coeffient of Q,, B,, P,,, O,, and B,
respectively in the numerator of equation (34) and K (z)is the denominator of equation
(34).

Equation (35) is a polynomial in z and exists for all values of z, including three zeros of
the denominator. Hence Q,, F,, B, O, and P, can be obtained by setting the numerator

equal to zero.Substituting the zeros b, b, and b, (say) the denominator (at each of

which the numerator must vanish).

Now, three equations determining the constants Q,, F,, P,,, B, and Q, are
T(B)Q, + N(b)P, +L(b) P, +S(b)P +R(b)Q, =—M(b) (36)
T(b,)0,+ N(b,)P, +L(b,)P,S(b,)F, +R(D,)Q, =—M (b, (37)
T(b;)Q, + N(bs)Fy + L(b) B, S(2) B + R(2)OQ,S(bs) B + R(D;)O, = —M (b;) (38)

After solving these equation, we have

- _ AllM(bl) + A21M(b2) — A31M(b3)

9 y

P = Ale(b1) — AzzM(bz) + A32M(b3)
‘ A

p - A M (b)) + A, M (b,)— A, M (by)
. A

p= A M(b)— A, M(b,)+ A,,M(b;)
1 A

Q - AISM(bl) + Ast(bz) - A35M(b3)
1

A
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where,
I'(h) N L) S Rb))

T(b,) N(b, L(b) S(b, R(by)
A=|T(b;) N(by L(by) S(b; R(b;)

A; is the co-factor of the (i, /)" element of A.

By putting the values of Q,, F,, £, O, and P, in equation (35), we have
R(z)=T(z)[-M (b)A,, + M (b,)A,, —M (b;) A, 1+ N(2)[M (b)) 4,,
—M (b)) A,, + M (D)) A, )+ L(2)[-M (b)) A5 + M (b)) Ay, — M (by) Ay ]
+S)[-M(b)A, —M(by)A,, + M (Dy) A, 1+ R(z)[-M (b)) A, + M (b,) Ay
—M (b)) A1+ AM(z2)/A.K(z) (39)

7. Mean Queue Length

Define,

L,=Expected number of customers in the queue excluding the one in service.
then

L, =[R(2)].-,

R'(z) = AK(2)[T'(2)[-M (b)) 4,, + M (b,) Ay, — M (b;) A, 1+ N'(z)[M (b)) Ay,

— M (b)) Ay, + M (by) Ay, 1+ L' (2)[—M () Ay + M (b,) Ay, — M (by) As5]

+ R'(2)[-M (b)) Ay + M (b,) Ays — M (b)) Ay 1+ S'(2)[M (b)) Ay, — M (b,) Ay,

+ M (by) Ay, ]+ AM'(2)] - (T (2)[-M (b)) 4y, + M (b)) 4, — M (b)) 4;, ]+ L(2)]
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— M (b)) Ay + M (D) Ay, — M (by) Ay 1+ N(2)[M (b)) Ay, — M (b,) Ay,
+ M (b)) Ay, 1+ S(2)[M (b)) Ay, — M (by) Ay, + M (by) Ay, 1+ R(2)[-M (b)) A5
+ M (b,)Ays — M (by) Ay ]+ AM (2)) AK ' (2)/A°[K (2)]
Therefore from equcation (39) we have,
L, = K()(T'(D)[-M (b)) 4, +M (b)) 4y, — M (by) 4y, 1+ N'(D[M (b)) A,
— M (b)) Ay, + M (by) Ayy 1+ L'(D)[=M (b)) Ay + M (b,) Ay, — M (by) Ay, ]
+ R'(1)[=M (b)) A5 + M (b)) Ays — M (b,) Ay 1+ S"(1)[M (b)) Ay, — M (b,) Ay,
+ M (by) Ay, + AM' (1)) = (T()[=M (b)) 4y, + M (b,) Ay, — M (b;) A, 1+ L(1)[
— M (b)) Ay + M (b)) Ay, — M (by) Ay 1+ N()[M (b)) A, — M (b,) Ay
+ M (b)) Ay, 1+ S(D[M (b)) Ay, — M (by) Ay, + M (by) Ay, 1+ R(1[-M (b,) A5
+ M (b)) Ays — M (by) Ay 1+ AM (1)K (/ALK ()T (40)
where dashes denotes the first derivative with respect to z.

8. Particular Case

Relation (32), on applying the theory of Laplace transform gives

2u(1=2)Ry ()= 24" (1= )Py (5) = 2= &+ 2(1= )R, (5)
S

Azt —z(s+ A4 +2u+)+2u

r(z,s)=

_2u(1-2)R, ~ 42" (1-2)P, - +z(1-2) iR,

r(z) ;
Azm—z(4+2u+8)+2u

(41)

where

r(z)= l,irrol sr(z,s)
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Equation (41) is a polynomial in z and exists for all values of z, including the two zeros of
the denominator.Hence we can obtained the term R, and P,, by setting the numerator

equal to zero. Substituting the two zeros a, and a, (say)of the denominator (at each of
which the numerator must vanish).Equating the denominating zero and we get Two roots
a, and a, .

Two equation determining the constants R, and P, are,
2u(l=a)R,~4a"" (1-a) P, +a,(1-a) uR, = a, (42)

2u(l1-a)R,— Aa) "' (1-a,)P, +a,(1—a,) uR, = (a, (43)
On solving these equations, we have

R, = k(constant)

_(a, —a,))[A, + pk]

Z’I[GIMH _agﬂl]

M

and

R = ga, (Atuk) ya a-—a, _ a, tk
0 + a M+1 M+1
(1-a)2u 2p a " —a, 2p

where
Al(-a)+(1-a)]=~¢, lema, >1

Putting the value of R,, P,, and R, in equation (41) and we get a well known result of
the M /M /2 queue with finite waiting space M

9. Concluding Remarks

In the present paper we consider a two homogeneous servers Markovian queueing system
with environmental and catastrophic effects. The direct application of the model can be
described to a biological phenomenon that there are many creatures such as cochroaches,
ants etc whose movement is restricted when we put up a sepray on them (catastrophes)
and also with the change of temperature(environment). As the temperature drops below a

critical temperature say 7, , the movement (production) of such like creatures becomes
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almost zero . On the other hand , as the temperature goes higher than 7| the movement

becomes normal.
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