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Abstract 

In the present paper we consider a two homogeneous servers Markovian queueing system with 
environmental and catastrophic effects. Time dependent solution is obtained by using probability 
generating function technique and further the steady state probabilities of system size are also 
derived.  Some measure of effectiveness and particular cases of the model have also been derived and 
discussed. 
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1. Introduction 

The simple Markovian birth and death queueing models have been the object of 
systematic investigation for a long time. In recent years the attention has been focused on 
the effect of catastrophes. When a catastrophes occurs, all present customers are flushed 
out and lost and the servers are ready for servie when new arrival occurs. There is a 
considerable litrature on queues with catastrophes ( see e.g. [2,3,4,6,7,8]). The 
catastrophized processes with environmental effects may be suitable to apporoach in 
Biological sciences ( see e. g. [1,5]).  We found that the change in the environment affects 
the state of the queueing system. In other words, the state of the queueing system is a 
function of environmental change factors.   The direct application of the model can be 
described to a biological phenomenon that there are many creatures such as cochroaches, 
ants etc whose movement is restricted when we put up a sepray on them (catastrophes)  
and also with the change of temperature(environment). As the temperature drops below a 
critical temperature say 0T  , the movement (production) of such like creatures becomes 
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almost zero . On the other hand , as the temperature goes higher than 0T  the movement 
becomes normal. In the current study we extend the analysis to deal simulteneously with 
system that suffer random catastrophes with environmental effects and two identical 
servers. It is not necessary that a queueing system will have only one servers. Practically 
they may have more than one servers identical or non identical in their functioning. Here 
in this paper we consider the case of two servers with identical rate in each of the 
environmental state. The time dependent and steady state solution have been obtained by 
using probability generating function techniques.Further some particular cases are also 
derived and discussed. 

2.   Assumptions and Definitions 

•  The customers arrive in the system one by one in accordance with a possion 
process at a single service station. The arrival pattern is non-homogeneous, 
i.e.there may exist two arrival rates, namely 1λ  and 0  of which only one is 
operative at any instant.  

•  Here we consider two servers and the service time distribution is exponentially 
distributed. further, corresponding to arrival rate 1λ  the possion service rate is 1µ  
for both the servers and the service rate corresponding to the arrival rate 0 is 2µ  
for both the servers. 

The state of the system when operating with arrival rate 1λ  and service rate 1µ  is designated 
as E whereas the other with arrival rate 0 and service rate 2µ  is designated as F.  

•  The Possion rates at which the system moves from environmental states F to E and 
E to F are denoted by α  and β  respectively.  

•  The catastrophe occur according to a poisson process with rate ζ . The effect of 
each catastrophe is to make the queue instantly empty. Simultaneously, the system 
becomes ready to accept the new customers.  

•  The queue discipline is first-come-first-served.  

•  The capacity of the system is limited to M  i.e.,if at any instant there are M  units 
in the queue then the units arriving at that instant will not be permitted to join the 
queue, it well be considered lost for the system.  

 Define, 

)(tPn =Joint probability that at time t the system is in state E and n units are in the 
queue,including the one in service. 
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)(tQn =Joint probability that at time t the system is in state F and n units are in the 
queue,including the one in service. 

)(tRn =The probability that at time t there are n units in the queue, including the one in 
service. 

 )()(=)( tQtPtR nnn +   (1) 

 Let us reckon time t  from an instant when there are zero customers in the queue and the 
system is in the environmental state E so that the initial conditions associated with )(tPn  
and )(tQn becomes,  

⎪
⎩

⎪
⎨

⎧
otherwise

n
Pn 0;

0=1;
=(0)  

nQn ∀0;=(0)   (2) 

3.   Equations Governing the System 

0=);()()()()(=)(
0=

011010 ntPtQtPtPtP
dt
d

n

M

n
∑+++++− ζαµζβλ  (3) 

1=);()()(2)()(=)( 011211111 ntPtQtPtPtP
dt
d λαµζβµλ ++++++−  (4) 

( ) )()()(2)(2=)( 111111 tQtPtPtPtP
dt
d

nnnnn αλµζβµλ ++++++− −+  (5) 

( ) MntQtPtPtP
dt
d

MMMM =);()()(2=)( 111 αλζβµ ++++− −  (6) 

0=);()()()()(=)(
=

01200 ntQtPtQtQtQ
dt
d

n

M

on
∑++++− ζβµζα  (7) 

)()(2)()(=)( 122121 tPtQtQtQ
dt
d βµζαµ ++++−  (8) 
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MntPtQtQtQ
dt
d

nnnn <<);0()(2)()(2=)( 122 βµζαµ ++++− +  (9) 

MntPtQtQ
dt
d

MMM =);()()(2=)( 2 βζαµ +++−  (10) 

4. Transient Analysis 

 Let, the Laplace Transform of )(tf  be  

dttfesf st )(=)(
0

−
∞

∫  (11) 

 Taking Laplace tranform of the equations (3)-(10) and using the initial conditions (2), we 
get,  

0=);()()(=1)()(
0

01101 nsPsQsPsPs n

M

∑++−+++ ζαµζβλ  (12) 

1=);()()(2=)()( 01121111 nsPsQsPsPs λαµζβµλ ++++++  (13) 

);()()(2=)()2( 111111 sQsPsPsPs nnnn αλµζβµλ ++++++ −+  (14) 

)()(=)()2( 111 sQsPsPs MMM αλζβµ ++++ −  (15) 

)()()(=)()(
0=

0120 sQsPsQsQs n

M

n
∑++++ ζβµζα  (16) 

)()(2=)()( 12212 sPsQsQs βµζµα ++++  (17) 

);()(2=)()2( 122 sPsQsQs nnn βµζαµ ++++ +  (18) 

);(=)()2( 2 sPsQs MM βζαµ +++  (19) 

Define, The probability generating function by ,  

n
n

M

n
zsPszP )(=),(

0=
∑  (20) 
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n
n

M

n

zsQszQ )(=),(
0=
∑  (21) 

n
n

M

n

zsRszR )(=),(
0=
∑  (22) 

 where  

),(),(=),( szQszPszR +  (23) 

 and  

)()(=)( sQsPsR nnn +  (24) 

 Multiplying equations (12)-(15) by nz , Summing over the respective region of n and 
using equations (20)-(22),we have 
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+

−
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M

M
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M

n
zsQsPzsPzzsPzsP )()]()()([)](
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1
1

1=
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− αλ  

0=)()()(1)()(2 1111
0=

101 sPsPzsPzsPsP n

M

n

M
M µµζλµ −−−−−− ∑  

(12),(),(]2)2[( 11
2

111 µαµλµζβλ +−−−++++ szzQszPzzs  

(1)()()(1)() 1
0=

1
10 µζλ zsPzzzsPzsPz n

M

n

M
M +−−−−− ∑+  

0=)() 1 sPz−  (25) 

 Similarly, from equations (16)-(19) on using equations (20)-(22),we have  
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0=)()()(2)()()]( 121202
0=0=

1 sQzsQsQsQzsPsQ n

M

n

n
n

M

n

µµµζβ −−−−−− ∑∑  

)(),(),()]2([2
0=

22 sQzszzPszQsz n

M

n
∑+++++− ζβζαµµ  

0=)()(1))(1(2 1202 sQzzzsQ −−−− µµ  (26) 

 From eq.(25)  

 )()()(1)()(12),(=),(
0=

1
101 sPzzzsPzsPzszzQszP n

M

n

M
M ∑++−+−− + ζλµα  

 ]2)2()/[)(1( 1
2

11111 µλζβµλµ −−++++−− zszzsPz  

From eq.(26),  

 
)]2([2

)()(1)(),()()(12
=),(

22

12
0=

02

ζαµµ

µζβµ

+++−

−+−−− ∑
sz

sQzzsQzszzPsQz
szQ

n

M

n  

 Putting the value of ),( szQ  in (25) 

 201
0=

2
02 )[2()(12)()()(12=),( µµαζµα sPzsQzsQzzszP n

M

n

−−−− ∑  

 22
1

12 2([2)()(1)]2( µµλζαµ +−−++++− + szzsPzsz M
M  

 2
0=

22 )[2()]2([2)] µζζαµµζα sPzszz n

M

n
∑++++−+++  

 2112 )[2()(1)]2( µµζαµ sPzzsz −−+++−  

 111
2

22 2()/[()(1)]2( µλαµζαµ ++−++++− szsQzzsz  

 ])2(][22) 2
221

2
1 αβζαµµµλζβ zszz ++++−−−++  (27) 

 Similarly, putting the value of ),( szP  in eq.(26), we get  
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  zszsPzzszQ )2)[((12)()(12=),( 11201 µζβλµβµ ++++−+−  

 
22

101
2

1 )()(1)(]2 zzsPzsQz M
M ββλµλ −−−−− +

 

 
ζβλµλζζβ +++−++− ∑ 11

2
1

0=

2 (2[)( szzsPz n

M

n  

 
121

2
1

0=
1 )[((1)()(1)(])2 λµβµµ +−+−++ ∑ szzsPzzsQz n

M

n  

 szzsQzz ([2)/(]2)2 2
2

11
2

11 −+−−+++ µβαµλµζβ  

 ]2)2)][(2 1
2

1112 µλµζβλζαµ −−++++++ zzs  (28) 

 Now from equation(23), we have 

 )()(1]2)([=),( 021
2

1112 sQzzzszszR −−−+++++ µµλµζβλµα  

 
(1]2)()[( 111

2
1

0=
+−+++++−+ ∑ zszzsQz n

M

n
αµζβµλλζ

 

 2
1

12210 2[)()(1]2)2([)2() µλβµζαµµ +−++−+++− M
M zsPzzszsPz  

 
)2()[2(])2( 22

0=

2
2 ζαµµζβζαµ +++−+−+++− ∑+ szsPzzsz n

M

n

M

 

 211
2

22 [2)[(1)()]2([2] µβµβζαµµβ −−+−+++−+− zzzsPzszzz  

 )2()[()(1)]]2( 1122 βζλµαµζαµ +++++−++++− szzsQzzsz n  

 )222([]/2 211
23

1
222

11 ζβαµµλλλµ +++++−+−−− zzsszz  

 )(2)[(1)()]2(2 21
22

21 ζαµλζαβζµµ ++−−+++−++ zzzz  

 ]4)](22[2 121121 µµζβλµµαµ −+++++ z  (29) 

 The unknown quantities in equcation (29) are determined as follows: 
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Setting z=1, in equations (27) and (28) respectively,we have  

 )(
)(=)(=)(1,

0= ζαβ
ζα
+++

++∑ ss
ssPsP n

M

n  (30) 

 )(
=)(=)(1,

0= ζαβ
β

+++∑ ss
sQsQ n

M

n  (31) 

Further, relation (29) is a polynomial in z and exists for all values of z, including the three 
zeros of the denominator. Hence )(0 sP , )(0 sQ , )(sRM  are obtained by setting the 
numerator equal to zero and substituting the three zeros 1a , 2a , 3a (say) of the 
denominator (at each of which the numerator must vanish). 

The Laplace transform of various state probabilities for the number of units in the queue, 
including the one in service can be picked up as the co-efficient of the different powers of 
z in the expansion of equation(29).  

5.  Particular Case 

 Now letting ∞→α , ∞→β  and setting 1µ = 2µ =µ  (say)in relation (29), we have  

2
11

1
10 /)()(1)()(1)()(12=),( z

s
zsRzzsPzzsRzszr M

M λζµλµ −−+−−− +  

µζµλ 2)2( 1 ++++− sz  (32) 

)()(=)( 000 sQsPsR +  

)],(lim[lim=),(
0

szRszr
∞→→ αβ

 

Relation (32) is a polynomial in z and exists for all values of z,including the two zeros of 
the denominator.Hence 0R  and MP  can be obtained by setting the numerator equal to 
zero. Substituting the two zeros 1a  and 2a (say)of the denominator (at each of which the 
numerator must vanish).Equating the denominating zero and we get Two roots 1a  and 

2a . 
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6.  Steady State Results 

 )(lim=)(lim
0

sfstf
st →∞→

[By final value theorem]  

Thus if  

 n
n

M

n

zRzR ∑
0=

=)(  

where  

 )(lim=
0

sRsR n
s

n
→

 

Then 

 ),(lim=)(
0

szsRzR
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and  

 1==
0=0=0=

n

M

n
n

M

n
n

M

n

QPR ∑∑∑ +  (33) 

By using this property, we have from equation (29) 

 βαζµλµζβλαµ ++−−++++− /([]2)2()[(12=)( 01
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 201111
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 ])(2[2)(1]2) 22
1

12 zzPzzz M
M βζαµµλβµζα −++−−++−++ +  

 βµβζαµµζβαζαζ zPzzzzz [)(1])(2)[2)/(( 1122 −+−++−++++  

 111122 2)2([)(1])(2 µζβµλαµζαµ −++++−+++− zzQzzz  

 112121
2

21
32

1 2(22)2([)2(]/ µλµαµζµαλζµαλλ +++++−++− zzz  
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or,we can write,  

 )(/)()()()()()(=)( 1100 zKQzRPzSzMPzLPzNQzTzR M +++++  (35) 

where )(zT , )(zN and )(zL , )(zS , )(zR  are the coeffient of 0Q , 0P , MP , 1Q , and 1P  
respectively in the numerator of equation (34) and )(zK is the denominator of equation 
(34). 

Equation (35) is a polynomial in z and exists for all values of z, including three zeros of 
the denominator. Hence 0Q , 0P , 1P  1Q  and MP  can be obtained by setting the numerator 
equal to zero.Substituting the zeros 1b , 2b  and 3b  (say) the denominator (at each of 
which the numerator must vanish). 

Now, three equations determining the constants 0Q , 0P , MP , 1P  and 1Q  are 

 )(=)()()()()( 1111110101 bMQbRPbSPbLPbNQbT bM −++++  (36) 

 2121220202 (=)()()()()( bMQbRPbSPbLPbNQbT M −+++  (37) 

 )(=)()()()()()()( 313131130303 bMQbRPbSQzRPzSPbLPbNQbT M −++++ (38) 

 After solving these equation, we have  

 
A

bMAbMAbMAQ )()()(= 331221111
0

−+−
 

  
A

bMAbMAbMAP )()()(= 332222112
0

+−
 

  
A

bMAbMAbMAPM
)()()(= 333223113 −+

 

 
A

bMAbMAbMAP )()()(= 334224114
1

+−
 

 
A

bMAbMAbMAQ )()()(= 335225115
1

−+−
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where, 

 )(()(()(
)(()(()(
))(()(()(

= 33333

22222

11111

bRbSbLbNbT
bRbSbLbNbT
bRbSbLbNbT

A  

ijA  is the co-factor of the thji ),(  element of A. 

By putting the values of 0Q , 0P , 1P , 1Q  and MP in equation (35), we have 

 121313212111 )()[(])()()()[(=)( AbMzNAbMAbMAbMzTzR +−+−  

 ])()()()[(])()( 333232131323222 AbMAbMAbMzLAbMAbM −+−++−  

 252151343242141 )()()[(])()()()[( AbMAbMzRAbMAbMAbMzS +−++−−+  

 )(.)/(.])( 353 zKAzMAAbM +−  (39) 

7.  Mean Queue Length 

Define, 

 qL =Expected number of customers in the queue excluding the one in service. 

then  

 1=)]([= zq zRL ′  

 121313212111 )()[(])()()()[()[(=)( AbMzNAbMAbMAbMzTzAKzR ′+−+−′′  

 ])()()()[(])()( 333232131323222 AbMAbMAbMzLAbMAbM −+−′++−  

 242141353252151 )()()[(])()()()[( AbMAbMzSAbMAbMAbMzR −′+−+−′+  

 )[(])()()()[(()](])( 313212111343 zLAbMAbMAbMzTzMAAbM +−+−−′++  
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 222121333232131 )()()[(])()()( AbMAbMzNAbMAbMAbM −+−+−  

 151343242141323 )()[(])()()()[(])( AbMzRAbMAbMAbMzSAbM −++−++  

 22
353252 )]([)/())(])()( zKAzKAzAMAbMAbM ′+−+  

Therefore from equcation (39) we have, 

 121313212111 )((1)[])()()((1)[(1)(= AbMNAbMAbMAbMTKLq ′+−+−′  

 ])()()((1)[])()( 333232131323222 AbMAbMAbMLAbMAbM −+−′++−  

 242141353252151 )()((1)[])()()((1)[ AbMAbMSAbMAbMAbMR −′+−+−′+  

 (1)[])()()((1)[((1)]))( 313212111343 LAbMAbMAbMTMAAbM +−+−−′++  

 222121333232131 )()((1)[])()()( AbMAbMNAbMAbMAbM −+−+−  

 151343242141323 )((1)[])()()((1)[])( AbMRAbMAbMAbMSAbM −++−++  

 2
353252 (1)][(1)/(1))])()( KAKAMAbMAbM ′+−+  (40) 

where dashes denotes the first derivative with respect to z. 

8.   Particular Case 

Relation (32), on applying the theory of Laplace transform gives 

 
µζµλλ

µζλµ

2)2(

)()(1)()(1)()(12
=),(

1
2

1

1
1

10

++++−

−+−−−−− +

szz

sRzz
s
zzsPzzsRz

szr
M

M

 

µζµλλ
µζλµ

2)2(
)(1)(1)(12=)(

1
2

1

1
1

10

+++−
−+−−−− +

zz
RzzzPzzRzzr M

M

 (41) 

where  

 ),(lim=)(
0

szsrzr
s→
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Equation (41) is a polynomial in z and exists for all values of z, including the two zeros of 
the denominator.Hence we can obtained the term 0R  and MP  by setting the numerator 
equal to zero. Substituting the two zeros 1a  and 2a (say)of the denominator (at each of 
which the numerator must vanish).Equating the denominating zero and we get Two roots 

1a  and 2a . 

Two equation determining the constants 0R  and MP  are,  

 11111
1

1101 =)(1)(1)(12 aRaaPaaRa M
M ζµλµ −+−−− +  (42) 

 21222
1

2102 =)(1)(1)(12 aRaaPaaRa M
M ζµλµ −+−−− +  (43) 

On solving these equations, we have  

 )(=1 constantkR  

 
][
])[(

= 1
2

1
11

121
++ −

+−
MMM aa

kaa
P

λ
µλ

 

and   

 
µ
µ

µ
µλ

µ
ζ

22
)(

)2(1
= 1

1
2

1
1

211
1

1

1

1
0

ka
aa
aaak

a
aR MM

M −
−
−+

+
− ++

+  

where   

 1>1,=)](1)[(1 1221 cmaaa ζλ −−+−  

Putting the value of 0R , MP  and 1R  in equation (41) and we get a well known result of 
the M / M / 2  queue with finite waiting space M  

9. Concluding Remarks 

In the present paper we consider a two homogeneous servers Markovian queueing system 
with environmental and catastrophic effects. The direct application of the model can be 
described to a biological phenomenon that there are many creatures such as cochroaches, 
ants etc whose movement is restricted when we put up a sepray on them (catastrophes)  
and also with the change of temperature(environment). As the temperature drops below a 
critical temperature say 0T  , the movement (production) of such like creatures becomes 
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almost zero . On the other hand , as the temperature goes higher than 0T  the movement 
becomes normal.  
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